Using a recently implemented technique for the calculation of the adiabatic connection ͑AC͒ of density functional theory ͑DFT͒ based on Lieb maximization with respect to the external potential, the AC is studied for atoms and molecules containing up to ten electrons: the helium isoelectronic series, the hydrogen molecule, the beryllium isoelectronic series, the neon atom, and the water molecule. The calculation of AC curves by Lieb maximization at various levels of electronic-structure theory is discussed. For each system, the AC curve is calculated using HartreeFock ͑HF͒ theory, second-order Møller-Plesset ͑MP2͒ theory, coupled-cluster singles-and-doubles ͑CCSD͒ theory, and coupled-cluster singles-doubles-perturbative-triples ͓CCSD͑T͔͒ theory, expanding the molecular orbitals and the effective external potential in large Gaussian basis sets. The HF AC curve includes a small correlation-energy contribution in the context of DFT, arising from orbital relaxation as the electron-electron interaction is switched on under the constraint that the wave function is always a single determinant. The MP2 and CCSD AC curves recover the bulk of the dynamical correlation energy and their shapes can be understood in terms of a simple energy model constructed from a consideration of the doubles-energy expression at different interaction strengths. Differentiation of this energy expression with respect to the interaction strength leads to a simple two-parameter doubles model ͑AC-D͒ for the AC integrand ͑and hence the correlation energy of DFT͒ as a function of the interaction strength. The structure of the triples-energy contribution is considered in a similar fashion, leading to a quadratic model for the triples correction to the AC curve ͑AC-T͒. From a consideration of the structure of a two-level configuration-interaction ͑CI͒ energy expression of the hydrogen molecule, a simple two-parameter CI model ͑AC-CI͒ is proposed to account for the effects of static correlation on the AC. When parametrized in terms of the same input data, the AC-CI model offers improved performance over the corresponding AC-D model, which is shown to be the lowest-order contribution to the AC-CI model. The utility of the accurately calculated AC curves for the analysis of standard density functionals is demonstrated for the BLYP exchange-correlation functional and the interaction-strength-interpolation ͑ISI͒ model AC integrand. From the results of this analysis, we investigate the performance of our proposed two-parameter AC-D and AC-CI models when a simple density functional for the AC at infinite interaction strength is employed in place of information at the fully interacting point. The resulting two-parameter correlation functionals offer a qualitatively correct behavior of the AC integrand with much improved accuracy over previous attempts. The AC integrands in the present work are recommended as a basis for further work, generating functionals that avoid spurious error cancellations between exchange and correlation energies and give good accuracy for the range of densities and types of correlation contained in the systems studied here.
I. INTRODUCTION
Recently, there has been a renewed interest in the construction of exchange-correlation ͑xc͒ functionals in density functional theory ͑DFT͒ by modeling the adiabatic connection ͑AC͒, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] originally introduced in the 1970s by Harris, integrals of the form
where the AC integrand W typ, ͓͔ decreases monotonically in and "typ" can be Coulomb-exchange-correlation ͑Jxc͒, xc, or correlation only ͑c͒. An explicit form of the AC integrand is readily derived using the Hellmann-Feynman theorem-for example, W Jxc, ͓͔ = ͗⌿ ͉Ŵ Ј͉⌿ ͘, where the prime denotes differentiation with respect to and ⌿ is the wave function that yields while minimizing T + Ŵ . In general, the two-electron interaction can be modified in any manner that smoothly connects the noninteracting and physical systems; 21 for example, using interactions damped by the error function and Gaussian-attenuated error function, see Ref. 22 . The shape of the resulting AC curve is thus determined by the variation principle and the choice of the twoelectron operator Ŵ = ͚ iϾj w͑r ij , ͒. In the present work, we consider only the simplest and most common choice w͑r ij , ͒ = / r ij , in which the two-electron interaction is turned on and off by a simple scaling. The derivatives required to evaluate the AC integrand then require only expectation values of the usual two-electron interaction operator, appropriately generalized for nonvariational wave functions.
While the structure of Eq. ͑1͒ appears remarkably simple, the complexity of the problem is hidden in the integrand W Jxc, ͓͔, whose integral up to a given interaction strength yields all the energetic effects of the electronelectron interaction. In the early 1990s, Becke noted that if we can construct a simple AC model in terms of easily computable quantities for 0 ՅՅ1, then integration of this model with respect to yields an xc functional. 23 In the absence of detailed information about the shape of the AC curve, Becke proposed the simplest possible model for the AC integrand-namely, a linear interpolation between the orbital-dependent exchange expression at =0 ͑the exact value͒ and a local-spin-density approximation to the =1 point, resulting in the Becke Half and Half ͑BH&H͒ functional, obtained by coupling constant integration, containing 50% orbital-dependent exchange. The accuracy of calculated thermochemical quantities for such a functional over a large set of molecules was subsequently improved by semiempirical reduction of the amount of orbital-dependent exchange in the functional, leading to the construction of a whole class of semiempirical hybrid functionals, the most famous of which is the B3LYP functional. [24] [25] [26] [27] [28] Typically, these functionals contain between 20% and 30% of the orbitaldependent exchange contribution and arguments based on the AC have been used to justify this practice. 29 Following the initial development of hybrid functionals, the direct modeling of the AC as a constructive approach to the development of xc functionals was largely abandoned, owing to a lack of detailed knowledge about the behavior of the AC integrand and also to the success of functionals constructed either by semiempirical parametrization of the xc energy or by satisfying various exact theoretical conditions. However, alongside these developments, a number of authors continued to pursue AC modeling, notable attempts include the ͓1/1͔-Padé-based form of Ernzerhof, 6 the two-legged representation of Burke et al., 11 the interaction-strengthinterpolation ͑ISI͒ model of Seidl et al., 12, 13, 30, 31 and a range of simple forms considered by Mori-Sánchez, Cohen, and Yang. 10 In these works, a form capable of reproducing known properties of the AC curve is first chosen and then approximate input parameters developed. However, this approach leads to several immediate questions: How should we attempt to devise new forms for approximation of the AC curve? Even with exact input information, how accurate can these forms be? What is the impact of specific choices of approximate input parameters on their accuracy?
In the present work, we address the above questions. Recently, we have implemented a method for the calculation of the AC integrands in Eq. ͑1͒ from accurate wave-function models of electronic-structure theory, utilizing the procedure proposed by Wu and Yang for maximizing the Lieb functional at different interaction strengths. 32, 33 This recourse to the wave function allows the accurate determination of DFT quantities such as the KS orbitals, potential and energy components, and to study their evolution into their interacting counterparts along the AC path. In this work, we demonstrate how this procedure can provide valuable information, enabling the accurate modeling of AC curves. In previous studies, 19, 20, 33 we focused directly on the behavior of the AC integrand ͑as have many other authors 6,10-13 ͒, quantifying the accuracy of a variety of previously studied AC forms when their input parameters are chosen so as to reproduce the AC curve at the noninteracting and fully interacting points and the slope of the AC curve at the noninteracting point. Most recently, we compared these forms with accurate curves for all interaction strengths, 33 highlighting error cancellations and aspects requiring improvement. In the present paper, we continue this work, shifting our attention to the development of new models of the AC integrand. By examining the structure of the energy in various electronic-structure theories, we develop models for the interaction-strength dependence of the xc energy in DFT, whose differentiation provides AC models directly. Integration over the coupling constant from zero to then gives expressions for the correlation energy along the AC path. These models are assessed by comparison to accurate AC curves, calculated by the Lieb variation principle.
In Sec. II, we first give an overview of Lieb's formulation of DFT, generalized to arbitrary coupling strengths. 15, 32, 34 In particular, we focus on the applicability of this approach when approximate theories for the determination of the electronic energy and density are employed. The technique used to perform the Lieb maximization and to determine the AC integrand is then briefly reviewed. 32, 33 At the end of Sec. II, we consider the KS decomposition of the universal density functional F ͓͔ and the corresponding maximizing potential v ; here, the relation between the density-fixed AC and Görling-Levy perturbation theory is also discussed.
In Sec. III, we apply this methodology to determine the universal density functional F ͓͔ and the AC integrand for the helium isoelectronic series, the hydrogen molecule, the beryllium isoelectronic series, the neon atom, and the water molecule using Hartree-Fock ͑HF͒ theory, second-order Møller-Plesset ͑MP2͒ theory, coupled-cluster singles-anddoubles ͑CCSD͒ theory, and coupled-cluster singles-doublesperturbative-triples ͓CCSD͑T͔͒ theory. The shapes of the resulting AC curves are first discussed in terms of perturbation theory, leading to the development of simple two-parameter doubles ͑AC-D͒ and triples ͑AC-T͒ AC models, based on considerations of the contributions of virtual double and triple excitations, respectively, to the dynamical correlation energy. Subsequently, for static correlation, a configurationinteraction ͑CI͒ analysis of the electronic structure in H 2 leads to a simple CI-based AC model ͑AC-CI͒, which is remarkably accurate with only two parameters. The AC-CI model of the AC integrand is applicable also to systems dominated by dynamical correlation, containing to lowest order the previously developed AC-D model.
In Sec. IV, we illustrate how the methodology used to calculate accurate AC curves enables the assessment of xc functionals such as the BLYP functional and AC curves based on the ISI model. The latter uses a simple functional for the AC integrand at infinite interaction strength ͑ = ϱ͒ and we explore the use of this functional to replace the fully interacting point in the AC models of the present work. In Sec. V, we give some concluding remarks and outline future work toward a practical implementation of the family of DFT xc functionals based on these considerations.
II. THEORETICAL BACKGROUND

A. Lieb's formulation of DFT in exact and approximate theories
We now briefly review Lieb's convex-conjugate density functional, 34 introducing from the outset the couplingstrength parameter . Consider an N-electron system described by the Hamiltonian ͑in atomic units͒
where v is the external potential and where the two-electron interaction Ŵ depends linearly on . For a noninteracting system, = 0; for a fully interacting system, = 1; for a strongly interacting or strictly correlated system, = ϱ. From this Hamiltonian, we may calculate the ground-state electronic energy E ͓v͔ exactly or approximately. In exact theory, the ground-state energy ͑excluding the nuclearnuclear repulsion energy͒ is given by
where the minimization is over all ensemble density matrices ␥ containing N electrons. From the variation principle, it follows that E ͓v͔ is concave in v,
where 0 Յ c Յ 1. In approximate theories, the electronic energy may be obtained in different ways based on the variation principle or some other criterion. In approximate theories, therefore, the calculated ground-state energy E ͓v͔ is not necessarily concave in v. However, concavity holds for all models based on the variation principle provided the variational space is the same for all external potentials v. This condition is satisfied, for example, in HF theory in the limit of a complete one-electron basis. Thus, the conditions for concavity are the same as for the Hellmann-Feynman theorem. In general, however, we cannot assume that an approximately calculated electronic energy is concave. Still, as our description is improved-for example, by increasing the one-electron basis set in HF theory-the calculated energy will approach concavity in the potential v.
To illustrate the consequences of nonconcavity in approximate theories, we consider two helium atoms with external potentials,
Taking a convex combination of these potentials, we obtain the potential of a hydrogen molecule
The interpolation characterization of concavity of the ground-state energy ͑without the nuclear-nuclear repulsion included͒ in Eq. ͑4͒ then implies the relations
Hence, the exact electronic energy of the hydrogen molecule is ͑at all internuclear separations͒ greater than or equal to the energy of the helium atom. However, in approximate calculations of the energies of He and H 2 , we typically use finite basis sets, which are different for the two systems ͑and for different internuclear separations of H 2 ͒. Consequently, the energy may jump discontinuously from He to H 2 in a manner that does not satisfy the concavity of Eq. ͑7͒. Following Lieb's treatment, 34 we introduce the universal density functional F ͓͔ as the Legendre-Fenchel transform ͑convex conjugate͒ to the ground-state energy E ͓v͔,
͑8͒
where the Lieb maximization is over a complete vector space of potentials. It is important to note that the density functional F ͓͔ is convex in by construction, independent of the concavity of E ͓v͔ in v. A convex density functional F ͓͔ may thus be set up at any level of theory, independent of the concavity of E ͓v͔. However, for a nonconcave, approximate ground-state energy E ͓v͔, only the concave points of E ͓v͔ contribute to the maximization in Eq. ͑8͒. As a result, F ͓͔ encapsulates information only about the concave envelope ͑least concave majorant͒ to E ͓v͔.
Subjecting our density functional Eq. ͑8͒ to a further Legendre-Fenchel transformation, we arrive at the Hohenberg-Kohn variation principle at the chosen level of theory,
͑9͒
where the biconjugate Ē ͓v͔ is the concave envelope to E ͓v͔,
Consequently, at all levels of theory with a concave energy E ͓v͔, it is possible to construct a density functional F ͓͔ by the Lieb variation principle in Eq. ͑8͒ that exactly reproduces the ground-state energy E ͓v͔ = Ē ͓v͔ in the Hohenberg-Kohn variation principle, Eq. ͑9͒, for all v. In theories with a nonconcave energy E ͓v͔ such as coupledcluster theory, the density functional in Eq. ͑8͒ is still well defined but its subsequent use in the Hohenberg-Kohn variation principle is not guaranteed to reproduce E ͓v͔, yielding instead an upper bound Ē ͓v͔ Ն E ͓v͔. The conjugate relationships between the energy and its associated density functional are thus given by
The same relations of Eq. ͑12͒ are valid for excited states but are less useful since such states are in general not concave in the external potential, the requirement of orthogonality to lower-energy states being v-dependent.
In the present paper, we construct the density functional F ͓͔ by Lieb maximization using the HF, MP2, CCSD, and CCSD͑T͒ wave-function models in large one-electron basis sets with all electrons correlated. We emphasize that each chosen model and basis set, such as the all-electron CCSD/ cc-pVQZ model, by Eq. ͑12͒ sets up its own universal density functional F ͓͔, which yields exactly the concave envelope Ē ͓v͔ of E ͓v͔ when used in the Hohenberg-Kohn variation principle. In the limit of full configurationinteraction ͑FCI͒ in a complete one-electron basis, we recover the exact universal-density functional as normally defined.
B. Lieb maximization
We now discuss how the Lieb maximization in Eq. ͑8͒ can be performed practically. This maximization has been studied before. First, in the pioneering work of Colonna and Savin, 15 the Lieb maximization was performed using the ͑Nelder-Mead͒ downhill simplex method for a number of two-and four-electron atoms, treating the potential by a form commonly used for pseudopotentials generated to replace atomic cores. Later, introducing a representation for the potential first used in the context of the optimized effective potential method, 35 Wu and Yang 32 proposed to perform the Lieb maximization using the quasi-Newton and Newton procedures and applied this scheme at = 0. Following their approach, the potential is parametrized in the following manner:
where the first term v ext ͑r͒ is the external potential due to the nuclei, the second term ͑1−͒v ref ͑r͒ contains the FermiAmaldi reference potential 36 to ensure a correct asymptotic behavior
and the final term is a linear expansion in Gaussians g t ͑r͒ with expansion coefficients c t . For the expansion of the potential in the present work, the same Gaussian basis as for the orbitals is used-namely, the aug-cc-pCVTZ and aug-ccpCVQZ basis sets [37] [38] [39] [40] in uncontracted form ͑denoted from here on by a prefix u-͒. Thus, v c ͑r͒ and hence F ͓͔ are determined in Eq. ͑8͒ by maximizing the quantity
with respect to c t for a given electronic-structure model E ͓v c ͔. Our convergence target is a gradient norm smaller than 10 −6 . The quasi-Newton method requires only evaluation of the gradient
and converges in 100-200 iterations with the BroydenFletcher-Goldfarb-Shanno ͑BFGS͒ update. The full Newton method requires also the Hessian with respect to the expansion coefficients
which is here calculated from CCSD linear response theory, 33 providing expensive but robust convergence in 10-20 iterations at the CCSD and CCSD͑T͒ levels of theory. When using the second-order scheme, we employ a truncated singular-value decomposition with a cutoff of 10 −6 . For further details of the implementation, see Refs. 32 and 33. All code is implemented in a development version of DALTON. 41 We note that the Lieb maximization is simple in the sense that few if any global convergence problems are encountered. Indeed, using a simple backtracking mechanism, our implementation of Newton's method converges reliably even with approximate Hessians. The absence of globalconvergence problems may be understood from the observation that the exact energy E ͓v͔ and therefore E ͓v͔ − ͐v͑r͒͑r͒dr are concave in v, meaning that they con-tain at most one global ͑possibly degenerate͒ maximum. For approximate E ͓v͔, the situation may be more complicated but we have in no cases observed problems associated with global convergence of the Lieb maximization.
As pointed out in Ref. 32 , care must be taken in determining the density ,c ͑r͒ for nonvariational methods. In Lieb's theory, the density is naturally defined as the functional derivative of the energy with respect to the external potential. In the present work, this contribution to Eq. ͑16͒ is calculated using the Lagrangian method of Helgaker and Jørgensen, [42] [43] [44] yielding the "relaxed" density matrices of MP2, CCSD, and CCSD͑T͒ theories. These relaxed densities are also used for the input physical ͑ =1͒ densities for these methods.
C. The adiabatic connection
The convex density functional of Lieb 34 in Eq. ͑8͒ is equivalent to the Levy-Lieb 34 constrained-search functional for canonical ensembles,
where the minimization is over all density matrices of density ͑␥ → ͒ and where we have introduced the notation ␥ for the minimizing density matrix ͑which always exists͒. The functional F ͓͔ is convex in , concave in , and nonnegative for Ն0. We now relate the interacting functional F ͓͔ to the corresponding noninteracting quantity F 0 ͓͔,
where the prime denotes differentiation with respect to the coupling-strength parameter . From the concavity of F ͓͔ in , it follows that the integrand F Ј͓͔ is monotonically decreasing in . On the right-hand side of Eq. ͑19͒, we now insert the expression for the noninteracting energy F 0 ͓͔ obtained by setting = 0 in Eq. ͑18͒. Next, we determine F Ј͓͔ by differentiation of Eq. ͑18͒ followed by application of the Hellmann-Feynman theorem, leading to the usual AC expression,
where the noninteracting kinetic-energy functional and the AC integrand are given by
with the density matrix ␥ optimized at interaction strength from Eq. ͑18͒. The expansion of density functional Eq. ͑20͒ in leads to Görling-Levy perturbation theory. 45, 46 It is customary to decompose the total interaction energy in Eq. ͑20͒ in the manner 
and the correlation functional
͑26͒
The total density functional then becomes
Since F ͓͔ Ն 0 is concave in and since T s ͓͔ + J͓͔ + E x ͓͔ Ն 0 is affine in , it follows that E c, ͓͔ Յ 0 is concave in and that W Jxc, ͓͔ is monotonically decreasing.
Combining the exchange and correlation terms, we obtain the concave xc energy and the monotonically decreasing xc integrand,
͑28͒
The above considerations concerning the behavior of F ͓͔ and its components hold also for approximate theories when the same ansatz E ͓v͔ is used for all values of , as is trivially satisfied.
D. The effective potential
To understand the AC better, we rewrite the Lieb variation principle, Eq. ͑8͒, in the form
where v ͑r͒ is the maximizing potential at coupling strength ͑here assumed to exist͒. To express v ͑r͒ in terms of Coulomb, exchange, and correlation contributions, we differentiate Eq. ͑27͒ with respect to the density and obtain
where we have introduced the potentials
with the limits v c,1 ͑r͒ = v c ͑r͒ and v c,0 ͑r͒ = 0 for the correlation potential. Introducing the stationary condition ␦F ͓͔ / ␦͑r͒ =−v ͑r͒ from Eq. ͑29͒ and the corresponding noninteracting condition ␦T s ͓͔ / ␦͑r͒ =−v s ͑r͒, we obtain
where we note that v s ͑r͒ = v ext ͑r͒ + v J ͑r͒ + v x ͑r͒ + v c ͑r͒ by setting = 1. Eliminating v s ͑r͒, we obtain the following expression for the effective potential:
Finally, inserting this potential into the electronic Hamiltonian of Eq. ͑2͒, we obtain
where the potential v depends on in such a way that the electron density remains constant.
E. Görling-Levy perturbation theory
In Görling-Levy perturbation theory, 45, 46 we expand F ͓͔ in orders of about = 0 and obtain
where i , j and a , b denote occupied and virtual orbitals, respectively. We have furthermore introduced the nonmultiplicative exchange operator
and the notation
We note that in Eq. ͑35͒, the nonlinear terms in contribute to E c, ͓͔. Whereas the main contribution to correlation arises from the last quadratic term, the first quadratic term describes the relaxation of the orbitals due to introduction of correlation and, in particular, the replacement of multiplicative exchange and correlation by nonmultiplicative orbitaldependent exchange. Differentiating the second-order Görling-Levy ͑GL2͒ energy in Eq. ͑36͒, we obtain the expression for the AC integrand,
where the lowest-order terms depend linearly on .
III. THE CALCULATION AND MODELING OF AC CURVES
In this section, we present accurate calculations of AC curves at different levels of theory and for different electronic systems, approximating the resulting curves by simple two-parameter models. We begin by considering the uncorrelated HF wave-function model; next, we consider dynamical correlation at the MP2, CCSD, and CCSD͑T͒ levels of theory, and finally static correlation using FCI theory. All calculations have been carried out in the uncontracted u-augcc-pCVQZ basis ͑with all electrons correlated͒ except for water, where the smaller u-aug-cc-pCVTZ basis was used.
37-40
A. The Hartree-Fock model
At interaction strength , the HF density functional may be written as
where v ͑r͒ is the effective potential in Eq. ͑33͒ corresponding to the stationary condition in Eq. ͑29͒. For each value, we determine v ͑r͒ from the Lieb variation principle by expanding the potential in Gaussians according to Eq. ͑13͒, as described in Sec. II B. Carrying out Görling-Levy perturbation theory at = 0 under the constraint that the wave function remains a determinant at all interaction strengths , we obtain
where the negative HF correlation term E c, HF ͓͔ differs from the standard GL2 expression, Eq. ͑36͒, by the absence of the ͑usually dominant͒ contribution from virtual double excitations.
Consisting entirely of singles contributions, E c HF ͓͔ = E c,1
HF ͓͔ represents the effect of orbital relaxation upon the introduction of nonmultiplicative exchange in place of multiplicative exchange and correlation. This orbital adjustment is small, as confirmed by the E c HF ͓͔ values listed for the helium isoelectronic series ͑1 Յ Z Յ 10͒ in Table I , for the beryllium isoelectronic series ͑4 Յ Z Յ 10͒ in Table II, for  hydrogen in Table III, for neon in Table IV , and for water in Table V . In fact, for the closed-shell two-electron systems in Tables I and III, E c HF ͓͔ = 0, following the observation that the only role of exchange in these systems is to cancel selfinteraction. Consequently, the multiplicative exchange potential is equal to −1 / 2v J ͑r͒ for such systems for all . More generally, for closed-shell two-electron systems, the noninteracting reference system with the HF density is identical to the fully interacting HF system. By contrast, for the fourelectron systems in Table II and for the ten-electron systems in Tables IV and V, the HF "correlation energy" E c HF ͓͔ is nonzero but small ͑of the order of 1 mH͒ compared with the DFT correlation energies reported in the remaining tables.
Being small, the HF correlation energy E c HF ͓͔ should be accurately represented by the lowest-order term in Eq. ͑43͒. This expectation is confirmed in Fig. 1 , where we have plotted the HF correlation integrand
for neon and water. The plotted curves are very nearly linear, indicating that second-and higher-order terms are negligible. In particular, the calculated E c, ͓͔ values ͑the integrated areas͒ are Ϫ1.7 mH for neon ͑in the u-aug-cc-pCVQZ basis͒ and Ϫ2.4 mH for water ͑in the u-aug-cc-pCVTZ basis͒. For a related analysis of the energy differences between HF calculations and approximate KS calculations yielding the HF density, see the work of Görling and Ernzerhof. 47 We emphasize that although the HF density functional F HF ͓͔ in Eq. ͑41͒ is defined for all N-representable densities, we have here applied it only to the HF density of the fully interacting system =1 HF . In the following, we shall proceed in the same manner at other levels of theory, working only with densities obtained using the same electronicstructure model as is used for E ͓v͔ in the Lieb functional of Eq. ͑8͒. Thus, the noninteracting system at = 0 is always represented by a single Slater determinant with the same density as obtained by a standard HF/MP2/CCSD/CCSD͑T͒ calculation at = 1. The resulting noninteracting system is therefore different from the usual KS system, designed to give the exact electronic density. However, this approach is consistent with the situation for commonly performed calculations using density-functional approximations ͑DFAs͒, where the noninteracting system corresponds to a single Slater determinant constructed from orbitals obtained by minimization of an approximate density functional. The ACs calculated in this work may thus be interpreted as those consistent with DFAs yielding the HF/MP2/CCSD/CCSD͑T͒ electronic densities and energies.
B. The interaction-strength dependence of orbitals and their energies
To prepare for our discussion of MP2 and CCSD theories in Sec. III C, we now consider the variation in orbitals and orbital energies along the HF AC path. For this purpose, we write the density functional in the form
where the constrained minimization over determinantal density matrices ␥ s → with Ĥ ͓0͔ is equivalent to the uncon TABLE I. KS and wave-function theory energy components for the He isoelectronic series ͑Z =1-10͒ calculated in the u-aug-cc-pCVQZ basis set. All quantities are in hartree. strained minimization over ␥ s with Ĥ ͓v ͔ in Eq. ͑34͒. The latter minimization is carried out in the usual manner by an iterative diagonalization of an effective -dependent oneelectron operator
with eigenvectors ͑orbitals͒ and eigenvalues ͑orbital energies͒ that depend on ,
The effective potential of f in Eq. ͑46͒ follows by application of HF theory to the Hamiltonian Ĥ ͓v ͔ in Eq. ͑34͒. In the noninteracting and fully interacting limits, respectively, f reduces to the KS and Fock operators,
TABLE II. KS and wave-function theory energy components for the Be isoelectronic series ͑Z =4-10͒ calculated in the u-aug-cc-pCVQZ basis set. All quantities are in hartree. 
Whereas the external and Coulomb potentials are independent of , the exchange operator changes smoothly ͑as a convex combination͒ from multiplicative exchange at =0 to nonmultiplicative exchange at = 1. At the same time, the correlation potential changes from v c ͑r͒ for = 0 to zero for the fully interacting potential. As a result of the transition from multiplicative to nonmultiplicative exchange with increasing , the orbital energies are affected in a characteristic manner, as illustrated in Fig. 2 , where we have plotted the orbital energies of the neon atom against . In the noninteracting limit, electrons in virtual and occupied orbitals experience the same potential, generated by the remaining N − 1 electrons in the system. In the interacting limit, an electron in an occupied orbital still experiences an effective potential generated by N − 1 electrons, but an electron in a virtual orbital now experiences an N-electron interaction, thereby raising the energy of the virtual orbitals relative to those in the occupied orbitals. The resulting opening of the highest occupied molecular orbitallowest unoccupied molecular orbital ͑HOMO-LUMO͒ gap has important consequences for the shape of the AC curve at correlated levels of theory, as discussed in Sec. III C.
C. The MP2 and CCSD AC correlation curves
Having studied the HF model, we turn our attention to the dynamically correlated MP2 and CCSD models, for which we expect much larger correlation contributions than in HF theory. In Fig. 3 , we have plotted the MP2 and CCSD AC correlation curves for neon ͑in the u-aug-cc-pCVQZ basis͒ and water ͑in the u-aug-cc-pCVTZ basis͒ with all electrons correlated,
CCSD ,
͑51͒
where we use the MP2 and CCSD densities calculated at = 1, but note that both functionals are applicable to any N-representable density. The effective potentials v ͑r͒ used in Eqs. ͑50͒ and ͑51͒ are the maximizing potentials in the Lieb variation principle at interaction strength . Since the nonvariational MP2 and CCSD methods do not provide variationally determined Hermitian one-electron density matrices, we have calculated the densities from the corresponding Lagrangian "relaxed" density matrices. 42, 44 For the neon atom, the MP2/u-aug-cc-pCVQZ correlation energy is Ϫ366 mH relative to the HF reference state, 22 mH above the basis-set limit of Ϫ388 mH. For water, we use the smaller u-aug-cc-CVTZ basis, which gives an MP2 correlation energy of Ϫ328 mH, compared with Ϫ361 mH in the basis-set limit. It would be possible to reduce the basisset error by an order of magnitude by performing basis-set extrapolations, 48, 49 as done in Ref. 33 . However, we here focus on the shape of the AC curve and behavior of the universal energy functionals rather than the absolute values of the basis-set limit energies. The above basis sets, uncontracted and augmented with diffuse basis functions, are sufficiently flexible to provide an accurate representation of the effective potentials v ͑r͒ and the range of densities considered in the present work-see later for a more detailed analysis.
In agreement with the discussion of the HF model in Sec. III A, we note that the MP2 and CCSD correlation energies calculated relative to the HF energy differ from those obtained by integration of the AC curve, relative to the noninteracting KS energy. Thus, at the MP2/u-aug-cc-pCVQZ level of theory, the neon correlation energies are Ϫ366 and Ϫ371 mH, respectively, relative to the HF and KS reference energies. The correlation energy is higher relative to the HF energy since this energy is, by definition, the lowest attainable with a single-determinant reference state. Likewise, for TABLE IV. KS and wave-function theory energy components for the Ne atom calculated in the u-aug-cc-pCVQZ basis set. All quantities are in hartree. water, the correlation energies are Ϫ328 and Ϫ332 mH, respectively, relative to the HF and KS reference energies. Apart from their much larger absolute values, the MP2 and CCSD plots in Fig. 3 are significantly more curved than the corresponding HF plots in Fig. 1 . Clearly, GL2 theory ͓see Eq. ͑40͔͒ strongly overestimates the absolute value of the dynamical correlation energy in neon and water. To describe the curvature of the AC integrand within the framework of Görling-Levy perturbation theory, we must go to third and higher orders in the expansion. Alternatively, we may consider the direct evaluation of F MP2 ͓͔ from the effective potential v ͑r͒ in Eq. ͑50͒. In MP2 theory, such a calculation is performed by carrying out an initial HF calculation with the Hamiltonian Ĥ ͓v ͔, followed by an MP2 calculation with f of Eq. ͑46͒ as the zero-order Hamiltonian,
where orbitals and orbital energies depend on , unlike in the GL2 expansion of Eq. ͑35͒, which uses quantities calculated exclusively at = 0. Assuming that the HOMO-LUMO gap increases linearly with ͑as appears reasonable from the plots in Fig. 2͒ , we arrive at the following simple model that captures the essence of the dependence of the MP2 correlation contribution:
In the numerator, w represents the interaction of the HF state with excited states present in the numerator of Eq. ͑52͒; in the denominator, h Ͼ 0 models the HOMO-LUMO gap in the noninteracting limit in the denominator of Eq. ͑52͒, while g Ͼ 0 models the opening of the HOMO-LUMO gap in the presence of electronic interactions. As increases, we thus have two competing effects on the correlation energy: a qua- 
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͑54͒
Introducing the parameters s =−2g 2 / h Ͻ 0 and a =−g Ͻ 0, we arrive at the following model for the AC integrand:
where we have also made the assumption w = g. The resulting AC integrand W AC-D ͑͒ is convex in and decreases monotonically from =0 to = ϱ with special values and derivatives,
͑57͒
Thus, whereas s represents the initial slope of W AC-D ͑͒, a represents its asymptotic value in the strongly interacting limit = ϱ. By adjusting a Ͻ 0, it is possible to modify W AC-D ͑͒ so as to give a selected value t Ͼ s for the fully interacting system =1,
An expression in agreement with GL2 theory ͑t = s͒ is obtained by setting a =−ϱ. Finally, expressing the correlation energy of Eq. ͑53͒ in terms of s and a, we obtain
which for small s is quadratic in with curvature s / 2 and for large s linear in with slope a.
In Fig. 4 , we compare the calculated CCSD AC curves of neon and water ͑represented by dots͒ with the fitted curves, Eq. ͑55͒, obtained by adjusting s to the calculated slope at = 0 and a to fit the calculated value at = 1 using Eq. ͑58͒. All fitting and integration of the calculated AC curves in the present work has been carried out using the MATHEMATICA program. 50 The agreement is nearly perfect, confirming that the AC form in Eq. ͑55͒ based on the energy model in Eq. ͑53͒ captures the physics of dynamical correlation. ͑Here we have used the CCSD slope and end point, but an equally good fit can be obtained to the MP2 curves using the MP2 data.͒ Thus, the curvature of the AC integrand in dynamically correlated systems such as neon and water arises from the dependence of the HOMO-LUMO gap in the denominator of Eq. ͑53͒.
The MP2 and CCSD energy components for the helium isoelectronic series, the beryllium isoelectronic series, hydrogen, neon, and water are presented in Tables I-V, respectively. The MP2 and CCSD correlation energies are similar, the MP2 values being generally slightly smaller in magnitude than those calculated at the CCSD level of theory, although this ordering is sometimes reversed in the basis-set limit. 42 For the helium isoelectronic series, the CCSD model is equivalent to the FCI model, and the well-known saturation of the correlation energy toward a constant value 51 is evident in Table I . In contrast, for the beryllium isoelectronic series, the correlation energy is known to decrease linearly 51 with increasing Z, as is evident in Tables IV and V , respectively, basis-set uncontraction is essential to obtain agreement between the nuclear-electron and Coulomb energies calculated for the input physical density and the densities calculated at each point along the AC path. The effect is particularly pronounced for the nuclear-electron attraction energy. With the basis set employed in the present work, these energies agree to better than 0.2 mH, providing a good test of the accuracy of the procedure at all interaction strengths.
D. The CCSD"T… AC correlation curves
As illustrated in Fig. 4 , the two-parameter model W AC-D ͑͒ given in Eq. ͑55͒ is remarkably successful in describing dynamical correlation arising from virtual double excitations. We now proceed to consider the effects of virtual triple excitations at the CCSD͑T͒ level of theory. In Figs. 5 and 6, we have plotted the CCSD and CCSD͑T͒ AC curves and their differences for neon and water, respectively. As expected, the CCSD͑T͒ curve is slightly lower than the CCSD curve in both cases. Moreover, with increasing , the difference between the CCSD͑T͒ and CCSD curves increases, reflecting an increasing significance of triples with increasing coupling strength.
To derive a triples model for the AC integrand, we follow the same approach as for the doubles in Eq. ͑53͒. From a consideration of the form of the triples correction in CCSD͑T͒ theory, 42 we obtain the expression 
where w, h, and g have the same significance as for the doubles contribution in Eq. ͑53͒. In particular, we note an initial cubic rather than quadratic dependence of the triples correction on , explaining the increasing relative importance of the triples correction for large interaction strengths . Differentiating Eq. ͑60͒ with respect to , we obtain
͑61͒
Performing the same simplification as for the doubles, we now set w = g and reparametrize Eq. ͑60͒ in terms of c = −6g 3 / h 2 Ͻ 0 and a =−g Ͻ 0, yielding the following triples model AC ͑AC-T͒ integrand:
Like W AC-D ͑͒, the AC integrand W AC-T ͑͒ decreases monotonically from =0 to = ϱ with special values,
͑65͒
Thus, c represents the initial curvature, whereas a represents the asymptotic value. The function is concave for Ͻ ͱ 2a / 3c and convex for Ͼ ͱ 2a / 3c.
It is possible to adjust a uniquely in Eq. ͑62͒ so as to give a selected value t in the range 0 Ͼ t Ͼ c / 2 for the fully interacting system = 1. However, for systems dominated by dynamical correlation, the triples correction is small. For example, the triples corrections for neon and water are Ϫ6.4 and Ϫ8.8 mH, respectively, while the doubles corrections are Ϫ372 and Ϫ342 mH. The triples correction is therefore accurately described by the lowest-order term c 2 / 2 in Eq. ͑62͒, as demonstrated by the lower plots in Figs. 5 and 6.
E. Static correlation and near degeneracy in the H 2 molecule
To examine the effect of static correlation, we model H 2 in a minimal basis consisting of a bonding 1 g orbital and an antibonding 1 u orbital. In the basis of the doubly occupied ͉1 g 2 ͘ and ͉1 u 2 ͘ determinants, the CI Hamiltonian is given by
where w represents the interaction of the HF ground state ͉ g 2 ͘ and the doubly excited state ͉ u 2 ͘. Near equilibrium, E g Ͻ E u ; at infinite separation, E g = E u . Taking the lowest eigen-FIG. 5. The AC correlation curve for neon at the all-electron CCSD and CCSD͑T͒ levels of theory in the u-aug-cc-pCVQZ basis sets. In the upper panel, we have plotted the CCSD and CCSD͑T͒ curves separately. In the lower panel, the dots represent the calculated triples corrections, whereas the full line is a quadratic curve of −0.0208 2 fitted to these energy corrections.
FIG. 6. The AC correlation curve for water at the all-electron CCSD and CCSD͑T͒ levels of theory in the u-aug-cc-pCVTZ basis sets. In the upper panel, we have plotted the CCSD and CCSD͑T͒ curves separately. In the lower panel, the dots represent the calculated triples corrections, whereas the full line is a quadratic curve of −0.0295 2 fitted to these energy corrections.
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Following our approach for MP2, we express the differences between the energies as
where we assume that h and g are both positive. We then obtain the following expression for the correlation energy in terms of the three parameters h, g, and w:
Expanding this expression in orders of w, we obtain
As expected, for small w, the CI correlation energy reduces to the perturbative MP2 correlation energy E D ͑͒ in Eq. ͑53͒.
To determine the corresponding AC integrand, we proceed as for E D ͑͒. Differentiation of Eq. ͑69͒ with respect to yields
.
͑71͒
Next, we set w = g and introduce s =−2g 2 / h Ͻ 0 and a = ͑1 − ͱ 5͒g / 2 Ͻ 0, yielding
where s and a are both negative. The AC integrand W AC-CI ͑͒ is convex in and decreases monotonically from =0 to = ϱ with special values,
͑74͒
It is possible to select a Ͻ 0 uniquely so that W AC-CI ͑͒ gives a selected value t Ͼ s for the fully interacting system = 1, noting that W AC-CI ͑͒ increases monotonically with increasing −ϱϽa Ͻ 0. However, the explicit formula is rather involved and therefore not given here. Expressing E CI ͑͒ of Eq. ͑69͒ in terms of s and a, we obtain which may be used to calculate the correlation energy directly from the initial slope s and the strongly interacting limit a of the AC integrand. We note that in the limit of large s ͑static correlation͒, E AC-CI ͑͒ becomes linear and W AC-CI ͑͒ constant in . Conversely, in the limit of small s ͑dynamical correlation͒, E AC-CI ͑͒ becomes quadratic and W AC-CI ͑͒ linear .
In Fig. 7 , we compare W AC-D ͑͒, W AC-T ͑͒, and W AC-CI ͑͒ curves, calculated from Eqs. ͑55͒, ͑62͒, and ͑72͒, respectively, using s , c = −1, chosen to give Ϫ1/3 at = ϱ ͑top plots͒ or at =1 ͑bottom plots͒. All curves decrease monotonically from zero toward the asymptotic value. Whereas W AC-D ͑͒ and W AC-CI ͑͒ are everywhere convex, W AC-T ͑͒ is first concave then convex.
In Figs. 8 and 9 , we compare the W AC-CI ͑͒ model and the W AC-D ͑͒ model, respectively, with the FCI/u-aug-ccpCVQZ values of W ,c CI ͓ FCI ͔ for H 2 at different internuclear separations. For each model, the parameters s and a of Eqs. ͑55͒ and ͑72͒ were determined in two different ways. The full lines were obtained by a least-squares fit of s and a to all calculated FCI values. For the AC-CI model in Fig. 8 , this approach gives an essentially perfect fit to the calculated FCI values at all internuclear separations, confirming that the simple two-parameter model in Eq. ͑55͒ captures all the essential physics of dynamical correlation ͑at short bond distances͒ and static correlation ͑at long bond distances͒. Somewhat surprisingly, the AC-D model in Eq. ͑55͒ provides an almost equally good representation of the AC curves in Fig.  9 , giving slightly too high AC values in the intermediate region. However, since W AC-D ͑͒ and W AC-CI ͑͒ are both two-parameter models, we advocate the use of the AC-CI model in Eq. ͑72͒ for the modeling of AC curves.
The dashed lines in Figs. 8 and 9 , respectively, represent the same models W AC-CI ͑͒ and W AC-D ͑͒ but with the parameters s and a selected in a different manner, setting s equal to the FCI/u-aug-cc-pCVQZ slope at = 0 and adjusting a so as to reproduce the FCI/u-aug-cc-pCVQZ value at = 1. The curves constructed in this manner necessarily provide poorer global fits to the calculated FCI curves than do the least-squares fits but have the advantage of requiring less data for their construction-namely, only the initial gradient and the end-point value. We note from Fig. 8 that the W AC-CI ͑͒ model still provides a very good fit to the calculated AC curves, whereas the W AC-D ͑͒ model in Fig. 9 pro-vides a significantly poorer representation of the AC curve than that obtained by least-squares fitting, demonstrating the superiority of the AC-CI model for this system.
IV. USE OF AC CURVES TO ANALYZE EXCHANGE-CORRELATION FUNCTIONALS
In the previous Secs. III C and III D, we have shown how we may derive AC forms with sufficient flexibility to capture a range of correlation effects by considering the structure of the energy expressions arising in wave-function methodologies for varying interaction strength. In particular, we have focused on their accuracy when fitted to highquality ab initio data. Here, we examine two examples of how xc functionals may be usefully analyzed in terms of their AC curves.
A. The BLYP functional
First, we consider the BLYP functional. 24, 25 This generalized-gradient-approximation ͑GGA͒ functional consists of the Dirac exchange functional, the Becke-88X ͑B88X͒ GGA exchange correction, 24 and the Lee-Yang-Parr ͑LYP͒ correlation functional. 25 As for orbital-dependent DFT exchange, these exchange terms change linearly with and so the corresponding AC curve is horizontal. The LYP functional, in contrast, has a more complicated behavior with respect to variations in . However, the corresponding AC curve can be derived from scaling relations using the general formula
where 1/ ͑r͒ = −3 ͑r / ͒ is the coordinate-scaled density. [52] [53] [54] Derivatives of the AC curves for particular choices of xc functional can be obtained by differentiating this expression with respect to . Explicit formulas for the LYP correlation functional are given in the Appendix of Ref. 10 .
The BLYP AC curve was implicitly used in the construction of the Mori-Sanchéz-Cohen-Yang ͑MCY͒ family of functionals, 9 which are based on model AC curves that intercept the BLYP curve at = p and have an initial slope given by a modified Tao-Perdew-Staroverov-Scuseria functional. 9, 55 The functional performance is found to vary significantly with the choice of p , which was chosen to be 0.63. The MCY1 functional, in particular, is based on a ͓1/1͔-Padé form for the integrand with the input parameters as above; the same form with a different parametrization was also used by Ernzerhof 6 for the purpose of modeling the AC for the change in xc energy upon atomization. The MCY AC integrands were presented in earlier work by one of us on the H 2 molecule and compared with the same AC model integrand, calculated using the exact slope and the exact fully interacting point, denoted as AC1. 19, 20 As seen in that work, the MCY1 integrand has qualitatively the wrong behavior, having significant curvature at short bond lengths ͑where the exact curves are almost linear͒ and being linear at long bond lengths ͑where the exact curves exhibit their highest curvature͒. Since the AC1 model gives a reasonable reproduction of the accurate curves calculated here ͑although slightly underestimating the curvature at intermediate bond lengths͒, we will not reexamine this functional here, but rather focus on the BLYP functional, which is available in almost all quantum-chemistry codes supporting DFT.
In Fig. 10 , we present the BLYP xc AC curves and the accurate FCI AC curves calculated here for the H 2 molecule at bond distances of 1.4, 3.0, and 10.0 bohr. These curves have been calculated for the self-consistent BLYP density; however, we have confirmed that evaluating them for the FCI density results in small, almost constant, shifts in the curves and does not lead to large changes in the energies obtained. In the top panel of Fig. 10 , the curves at R = 1.4 bohr ͑close to the equilibrium bond length͒ are presented. We see that BLYP provides a fairly faithful reproduction of the accurate AC curve, being slightly too high at all points along the curve, with a slightly larger error at the = 1 end of the curve than at = 0. The corresponding xc, exchange, and correlation energies are all slightly above the accurate values in this basis set.
In the middle panel of Fig. 10 , we present the AC curves as the molecule is stretched to R = 3.0 bohr. The curvature of the accurate AC curve is now clearly more pronounced than for the BLYP curve. For both curves, the xc and exchange energies become less negative than at R = 1.4 bohr. However, for the exchange and correlation components of the energy, the BLYP functional under-and overestimates by Ϫ28.9 and 44.6 mH, respectively, leading to an overall xc error of just 15.7 mH. This behavior is clear from the crossing of the curves at Ϸ 0.22. Indeed, this error cancellation steadily evolves, such that as the bond is stretched we can find areas on the potential energy surface where the total energy appears to be reasonably accurate, although in fact significant error cancellations are occurring.
Finally, in the bottom panel of Fig. 10 , we present AC curves at R = 10.0 bohr. The BLYP xc functional now overestimates the accurate value by as much as 18.5%. Significantly, this large BLYP error arises from a large but incomplete cancellation of the correlation overestimation by 235.3 mH ͑90%͒ and exchange underestimation by Ϫ120.1 mH ͑33%͒. In fact, we note that the LYP correlation energy actually becomes more positive as the bond is stretched, whereas the FCI correlation value becomes more negative ͑to recover static correlation͒. This qualitative BLYP failure is clear from the shapes of the xc AC curves in Fig. 10 , which are determined by the correlation contribution since removal of the exchange simply corresponds to shifting the curve by a constant. We note that the calculations of the present work are performed in a restricted formalism, while the B88X and LYP functionals are derived for spin densities and may yield much improved results in unrestricted calculations. However, these functionals are in practice often applied in a restricted formalism. The calculation of the AC for unrestricted calculations is an area for future work.
Given the poor quality of the BLYP curves, we see that the strategy of making the MCY1 integrand intercept the BLYP curve at = 0.63 is bound to be unsuccessful. This error could be offset, at least at intermediate bond lengths, by introducing a functional for the initial slope that overestimates the GL2 value in Eq. ͑36͒. However, in our experience, this value is typically underestimated by DFAs. Indeed, this observation probably explains the need to introduce a factor of 4.0 in front of W xc,0 Ј ͓͔ in the definition of the MCY1 functional. 9 Combined, these observations highlight the need for an accurate method for calculating AC curves to guide in the construction of approximate forms and avoid spurious error cancellations. The ͓1/1͔-Padé form used in the MCY1 functional also illustrates the need for accurate input parameters, given a sufficiently flexible form. When evaluated using the exact exchange energy, the slope at = 0 and the value at = 1, this form can provide highly accurate AC curves. However, when approximate input parameters are used, this latent accuracy can remain hidden.
B. The ISI model
We now turn our attention to perhaps the most prominent and successful AC model based on relatively easily calculable input parameters-namely, the ISI model, 12, 13, 30, 31 which represents an approximate resummation of the Görling-Levy perturbation series. 45, 46 The ISI model uses approximate functionals derived using a polarization-pluscontinuum ͑PC͒ model to describe the AC integrand in the strictly correlated ͑ = ϱ͒ limit,
where
which represent the coefficients in the asymptotic expansion
We note that the AC forms, Eqs. ͑55͒ and ͑72͒, developed in the present work also give a finite value W ͓͔ in the strictly correlated limit but that they depend asymptotically on −2 rather than on −1/2 , the latter dependence arising from zeropoint oscillations of the system at large around its strictly correlated state, 12, 56 unaccounted for in our models. The two functionals in Eqs. ͑80͒ and ͑81͒ depend on the four constants A, B, C, and D. For the first three constants, we use A =−͑9 / 10͒͑4 / 3͒ 1/3 , B = ͑3 / 350͒͑3 / 4͒ 1/3 , and C = 1/6 derived from the PC model is positive; however, in Ref. 12 , it was noted that this term should be negative to ensure that the functional of Eq. ͑81͒ gives the correct value of zero for one-electron densities. As such, two other parameters were proposed: D 1 = −0.030 676, obtained by ensuring that W xc,ϱ Ј ͓͔ is zero for any exponential ͑hydrogenic͒ one-electron spherical density, and D 2 = −0.025 58, chosen so that the value of the functional above agrees with the corresponding expression for the meta-GGA of Ref. 57 on the two-electron density of the helium atom. The parameter D 3 = −0.028 957 was determined in a similar fashion to the D 1 parameter, instead ensuring that the functional gives the correct strictly correlated limit for the helium atom, see Ref. 56 for further details.
In Fig. 11 , we compare the FCI AC integrand with the ISI model integrands for correlation ͑the above xc expression minus the KS exchange energy͒ calculated for the FCI density of H 2 at bond distances of 1. served for the BLYP functional. In addition, the ISI model utilizes the exact slope at = 0, the effect of which is clearly evident at all bond lengths.
The three ISI curves shown on each plot in Fig. 11 Fig. 10 . The correlation energy, in particular, increases with increasing bond length, as does the curvature of the plot, in contrast to the behavior of the BLYP curves. However, it is important to bear in mind that this has been achieved at substantially higher cost due to the use of the exact slope which is twice the GL2 correlation energy.
The present calculations illustrate the critical importance of W xc,ϱ Ј PC ͓͔ to the success of the ISI method. We note that the performance of the most accurate D 1 -parametrized ISI functional at long bond lengths is probably biased toward this particular system, since this value of the parameter was derived for hydrogenic densities. However, it is noteworthy that the D 3 -parametrized ISI functional, based on the strictly correlated limit of the helium atom, 56 
C. Utilizing the PC model in the new models
We now explore the effect of utilizing the PC model for W c,ϱ PC ͓͔ = W xc,ϱ PC ͓͔ − W xc,0 ͓͔ in the AC-D and AC-CI models of the present work. To this end, we utilize the functional of Eq. ͑80͒ to determine W c,ϱ PC ͓͔, which is the asymptotic parameter a in the forms of Eqs. ͑55͒ and ͑72͒. The resulting expressions for the correlation energy ͓i.e., Eqs. ͑59͒ and ͑75͒ with =1͔ depend only on the initial slope ͑twice the GL2 correlation energy͒ and on the correlation component of the density functional of Eq. ͑80͒. As such, they represent practically applicable correlation functionals suitable for addition to a full complement of orbital-dependent exchange without cancellation of errors. The use of an approximate density functional for W c,ϱ ͓͔ = a in the AC-D and AC-CI models will, of course, impact upon the accuracy obtained from these forms. To examine this effect, we compare in Fig.  12 the correlation AC curves for H 2 calculated from these forms with the exact AC curves.
In the upper panel of Fig. 12 , the W AC-D ͓͔ model, parametrized as described above, is compared with the corresponding exact FCI curve. Clearly, a degree of error cancellation occurs for all bond lengths greater than 1.4 bohr, as the curves cross the exact ones. Nevertheless, the correlation energy remains below the true values at all distances: by 1 mH ͑3%͒ at the two shortest bond lengths, 0.9 mH ͑1.2%͒ at 3 bohr, 3 mH at 5 and 7 bohr ͑1.6% and 1.4%, respectively͒, and by 2 mH ͑0.7%͒ at 10 bohr. These values constitute a substantial improvement over any of the ISI values shown in Fig. 11 . In the lower panel of Fig. 12 , we compare W AC-CI ͓͔, parametrized as W AC-D ͓͔ in the upper panel, with the FCI curve. For this CI form, error cancellations play a role for the longest three bond lengths but to a much lesser extent than for the AC-D model. At all bond lengths, the correlation energies are underestimated, this time by a more significant margin. For the shortest two bond lengths, the correlation energy is underestimated by 3 mH ͑8%͒, rising to 8 mH ͑10%͒ at 3 bohr. At 5 bohr, the error is 11 mH ͑6%͒; stretching the bond further, the errors decrease to 6 mH at 7 bohr ͑2.3%͒ and 2 mH ͑0.8%͒ at 10 bohr. Again, while less accurate than the similarly parametrized AC-D model, the AC-CI model provides a substantial improvement over the ISI model. Moreover, any improvements in the DFT description of the strongly interacting system will also reduce the error in the AC-CI model, unlike for the AC-D model.
Of course, as with all prospective xc functionals, the ultimate accuracy of these models must be assessed by careful benchmarking of a range of molecular properties over a large set of molecules, although these initial results show promise. We note that a key ingredient of these functionals is the slope W 0 Ј͓͔, which imparts a greater cost to these functionals than for standard functionals and an N 5 scaling with system size. On the other hand, these models do not suffer a divergence of the correlation energy as the bond in H 2 is stretched ͑as would be observed for second-order perturbation theories based on the KS determinant͒, the divergence instead being essential to describe the initial slope of the AC curve accurately.
For the above reasons, it is highly desirable to determine functionals for modeling W 0 Ј͓͔ at reduced cost. To extract such a functional from existing xc functionals, we can employ the derivative of the scaling relation in Eq. ͑76͒. However, in our experience, such forms tend to underestimate strongly the slope as the bond is stretched. The development of new functionals specifically tailored to this task is therefore an area for future work with the aim to reduce the scaling of the functional with system size to the same level as in typical "hybrid" xc functionals.
V. CONCLUSIONS
In this work, we have outlined an approach for the rational design of xc and correlation functionals in DFT guided by our recent implementation of an approach for the calculation of accurate AC curves using wave-function techniques and the Lieb variation principle. 32, 33 The systematic nature of the wave-function methods means that we may refine the calculated AC curves in a controlled manner to give an accurate description of the AC integrand at a range of electronic interaction strengths, and hence xc and correlation energies of DFT. By modeling the AC integrand, new forms for the xc energy can be constructed. The calculation of accurate AC curves affords us the opportunity to understand how well our models perform for the first time in both atomic and molecular systems. To approach the problem of constructing new functionals in a rational manner, we have considered a variety of wave-function methodologies, focusing on how their correlation energies vary with the interaction strength. We have constructed simple models designed to capture the physics of these variations and evaluated their interactionstrength derivatives leading to new simple parametrized models for AC curves.
We commenced by highlighting the small correlation energy contained in the HF model when viewed in the context of DFT. This small perturbation is well described by GL2 theory restricted to a single-determinant wave function. The resulting AC curves are then very close to linear, the correlation arising as a result of replacing the multiplicative KS exchange potential with a nonmultiplicative HF operator. As a result, the orbital energies vary in a linear fashion along the AC path such that the occupied-virtual energy differences increase.
We then showed that the description of dynamic correlation could be achieved using MP2 or CCSD methods. Considering the interaction-strength dependence of the MP2 correlation energy, a simple model for the AC curve, AC-D, was developed that shows superb accuracy for systems dominated by dynamic correlation. Similar considerations for the triples correction in CCSD͑T͒ theory led to an AC model, AC-T, for the triples correction to the energy, which was itself well modeled by its lowest-order quadratic contribution.
To examine the effect of static correlation, we developed a simple minimal-basis CI model for the prototypical H 2 molecule. The high accuracy of this AC-CI model was demonstrated both by least-squares fitting of the parameters and by parametrization in terms of the initial slope and the fully interacting end point. Remarkably, the AC-D model also showed reasonable accuracy for H 2 , although it was notably less accurate than the AC-CI model at intermediate bond lengths.
To emphasize the utility of accurate information on the AC integrand, we then analyzed the failure of the BLYP xc functional to describe bond dissociation in H 2 in a restricted formalism. At short bond lengths, the xc AC BLYP curve was shown to behave in a reasonable manner. However, as the bond was stretched, a cancellation of errors between a too negative exchange contribution and a too positive correlation contribution was observed. The ISI-model AC integrand was also examined and compared with FCI results, highlighting a strong sensitivity to the choice of parameters used in the functional for the asymptotic expansion coefficient W xc,ϱ Ј PC ͓͔. Finally, we reparametrized our new models in terms of the PC-model asymptotic value of the AC used in the ISI model. The PC value appears to be reasonably accurate for such a simple functional form and its inclusion in both the AC-D and AC-CI models leads to remarkably accurate and balanced models over a range of molecular bond lengths, compared with previous attempts. Work to assess the utility of PC value in modeling ACs for the dissociation of more complicated molecules is currently underway. Most importantly, these forms represent a family of correlation functionals that can be practically used as they do not involve recourse to the complicated interacting many-electron wave function. Indeed, future work will involve the self-consistent implementation of these forms and the development of lower-cost functionals for modeling the initial slope of the AC curve. To ensure that spurious error cancellations do not enter these new forms, the calculation of accurate ACs will continue to play a central role.
